MTH 304: Metric Spaces and Topology
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1.1
(1)

Topological spaces

Basic definitions and examples

Let X be a set, and T a collection of subsets of X such that

(a) 0, X €T,
(b) for an arbitrary index set J, and a subcollection {V,}aes C T, we
have
UvaeT
acJ

(i.e T is closed under arbitrary union), and

(c) for an finite subcollection {Wy,...W,} C T, we have
(W:eT.
i=1

Then 7T is said to define a topology on X, and the pair (X, T) is called
a topological space.

Let (X, 7T) be a topological space. Then each U € T is called an open
set.

Let X be a set, and 7,7’ be topologies on X. Then 7 is a said to
coarser (or equivalently, 7" is said to be finer than T)if T C 7.

Examples of topological spaces. Let X be any set.

(a) The collection {(), X} defines a topology on X called the indiscrete
topology on X. This is the coarsest possible topology that can be
defined on X.

(b) The power set P(X) of X defines a topology on X called the discrete
topology on X. P(X) is the finest possible topology that can be
defined on X.

(c¢) The collection {S C X ||X \ S| < oo} defines topology on X called
the cofinite topology on X.

(d) The collection {S C X | X \ S is countable} defines a topology on
X called the cocountable topology on X.
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1.2 Basis and subbasis for a topology

(i) Given a set X, and a collection A of subsets of X such that

(a)
(b)

for each x € X, there exists B € 4 such that x € B, and

for any pair of elements By, By € % and y € By N By, there
exists B’ € % such that y € B’ C B; N Bs.

Then £ is said to form a basis for a topology T on X (or B
generates a topology T on X) if for each U € T and for each
x € U, there exists B € 4 such that xt € B C U.

(ii) Let (X, T) be a topological space. Let Z C T be any subccol-
lection such that for each U € T and each z € U, there exists
B € % such that x € B € U. Then £ generates the topology 7.

(iii) Let X be a set, and Z a basis for a topology 7 on X. Then T is
the collection of all arbitrary unions of elements in %.

(iv) Let £ and B’ be bases for topologies 7 and T respectively, on

X. Then 7 C T’ if and only if for each B € %4 and each x € B,
there exists B’ € 4’ such that © € #' € B.

(v) Examples of bases for topologies on X = R.

(a)

The collection of all open intervals
%A ={(a,b)|a,be R and a < b}

forms a basis for a topology on R called the standard topology.
Note that the real line with this topology is simply denoted
by R.

The collection

P ={[a,b)|a,b € R and a < b}

is a basis a for a topology R, on R called the lower limit
topology.
The collection

PBr ={(a,b)|a,b € R and a < b}U{(a,b)\K |a,b € R and a < b},

where K = {1 |n € N}, is a basis a for a topology Rg on R
called the K-topology. The topologies Rx and R, are strictly
finer than standard topology R, but they are not comparable.
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(vi) Let X be set, and let S be any collection of subsets of X whose

union equals X. Then the collection & of all finite intersections
of elements in S forms a basis for a topology 7 on X. Any such
collection § is called a subbasis for the topology T, or in other
words, S generates T .

1.3 The Product Topology X x Y
(i) Let (X,7T x) and (Y, Ty) be topological spaces. Then the collection

B={UxV|UecTx andV € Ty}

forms a basis for a topology on X x Y called the product topology. The
product topology is simply denoted by X x Y.

(ii) Let Bx be a basis for (X, T x) and A, a basis for (Y, 7Ty). Then the

collection

@XXY:{BXO’BE@X aHdC’E(@y}

forms a basis for the product topology X x Y.

(iii) Examples for product topology on R™.

(a)

(c)

The collection
{(a,b) x (c,d)}

of all open rectangles in R? (i.e. products of open intervals in R)

forms a basis for a topology on R? called the standard topology on
R2.

Generalizing Example (i), the collection

n

{ (@i b:)}

i=1

of all open n-dimensional cubes in R"™ (i.e. products of n open
intervals in R) forms a basis for a topology on R” called the standard
topology on R™ (denoted simply by R™).

For x € R™ and r > 0, consider the open ball
Byy ={y e R"||ly — xf| <7}
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(iv)

1.4

(iii)
(iv)

Then the collection
{By, |z € R" and r > 0}

also forms a basis for the standard topology R". In the subject of
Real Analysis, this is most preferred topology on R™.

For 1 <i <mn, let (X;,7T;) be topological spaces, and let
Pi - HXJ — Xz
j=1

be the projection map onto the i*" coordinate. Then the collection

S={p;'(U)|1<i<nand U € T;}

forms a subbasis for the product topology H X;.
i=1
Subspace topology
Let (X, T) be a topological space, and Y C X. The collection

Ty ={UNY|UeT}

forms a topology on Y called the subspace topology or the topology in-
herited by Y from z. Under this topology, Y is called a subspace of
X.

Let (X,T) be a topological space generated by a basis . Then the
collection

By ={BNY |Bec B}
is a basis for Ty.

Let Y be a subspace of (X, 7). If VeT,andY € T, then V € T.

Examples of subspaces.



(a) Let X = R and Y = [0,1]. Then every basic open set in the
subspace topology inherited by [0, 1] from R has one the following

four types:
(a,b), ifa,bey,
(b)Y = [0,b), ifonlybeY,
7 B (a,1], ifonlya€,

Y,0  ifbotha,bé Y.

(b) The set Z of integers, and the set N of natural numbers both inherit
the discrete topology from R.

1.5 Closed sets and limit points

(i) Let (X, 7) be a topological space. Then A C X is called a closed set if
X\AeT.

(ii) Examples of closed sets.

(a) In any topological space (X, T), ) and X are closed sets.
(b) The closed interval [a, b] is a closed set in R. In general, the product

of n closed intervals .

[ las, 01

i=1
is closed in R".

(c) In the subspace Y = [0,1] U (2,3) of R, the subsets [0, 1] and (2, 3)
are both open and closed.

(d) In the cofinite topology, all finite sets are closed.
(e) All sets are closed in the discrete topology.

(iii) Arbitrary intersections and finite unions of closed sets in a topological
space are also closed.

(iv) Let Y be a subspace of a topological space (X, 7). Then A is closed in
Y if, and only if A =C N X for some C closed in X.

(v) The (X,T) be a topological space, and A C X.



(a) The interior of A (denoted by A°) is the union of all open sets
contained in A, that is,

A =U{VeT|VcCA

(b) The closure of A (denoted by A) is the intersection of all closed
sets containing A, that is,

A=n{C|X\AeT andAd C C.}
(c) It follows by definition that
A°C AC A
(vi) Let Y be a subspace of a topological space X, and let A C Y. Let Ay
denote the closure of A in Y. Then
Ay =ANY.

(vii) Let (X,7) be a topological space, and A C X. Then z € A if, and
only if, for every open set U > x, we have that

UNnX #40.
(viii) Let (X, T) be a topological space. Then A C X is dense in X if A = X.

(ix) Examples of closure of subsets of X = R.

(a) If A= (a,b] or [a,b) or (a,b), then Y = [a, b].
(b) If A=Qor R\ Q, then A = R. Consequently, both the rationals

and the irrationals are dense subsets of R.

(c) If A={1|n e N}, then A = AU {0}.

(x) Let (X,7) be a topological space, and A C X. Then x € A is a limit
point of A if for every open U 3 x, we have

Un(A\{z}) #0.
The set of all limit points of A will be denoted by A’.
(xi) Let (X, T) be a topological space, and A C X. Then
A=AUA.
Consequently, A is closed if, and only if A = A.
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1.6
(1)

(i)

(iii)

(iv)
(v)
(vi)

(vii)

(viii)

(x)

Ty and Hausdorff (73) spaces

Let (X,7T) be a topological space. Let distinct points z,y € X can be
separated by open sets if there exists U,V € T with U NV = () such
that r€e U and y € V.

A topological space (X, 7T) is said to be Hausdorff or is said to satisfy
the Ty-axiom if every pair x,y of distinct points in X can be separated
by open sets.

A topological space (X,7T) is said to be T} or is said to satisfy the
T:-aziom if for every x € X, the set {z} is closed in X.

If a topological space is Hausdorff, then it is 77.
Every finite set of a Hausdorff space is closed.

Let (X,7T) be a topological space, and let (z,) a sequence of points in
x. Then the sequence is said to converge to x (in symbols z, — x)
if every open set U > x contains all but finitely many points of the
sequence .

Let (X, T) be aT; space, and A C X. Then z € A" if, and only if every
open set U 5 x has infinitely many points of A.

In a Hausdorff space X, every sequence converges to at most one point
in X.

Examples of Hausdorff and non-Hausdorff spaces.

(a) R™is a Hausdorff space.

(b) Any set with the discrete topology is a Hausdorff space, as single-
tons are closed.

(c) R with the cofinite topology is non-Hausdorff.
(d) The set X = {a,b, c} with the topology
T = {®7 X, {CL, b}7 {b’ C}v {b}}

is non-Hausdorff, as the points a and ¢ cannot be separated by open
sets. Moreover, both a and c are limit points of the set {b}, which
implies that {b} = X or {b} is dense in X.

Subspaces and products of Hausdorft spaces are Hausdorff.
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1.7
(1)

(i)

(i)

(iv)

Continuous functions

Let (X, Tx) and (Y,7Ty) be topological spaces. A map f: X — Y is
said to be continuous if for every U € T, we have f~1(U) € T x.

Examples (or non-examples) of continuous functions.
(a) For any topological space (X, 7T x), and any ¢ € X, constant map
e.: X — {c}

is a continuous map.
(b) Any linear map 7" : R™ — R™ is continuous.

(c) For any topological space (X, T x), and A C X, the inclusion map
JA A= X
is a continuous map.

(d) Any linear map T : R™ — R™ is continuous.

(e) The projection map on a finite product topological spaces
T - H Xz — Xz
i=1

Is continuous.
(f) The identity map between ig : R — R, is not continuous.

Let (X, T x) and (Y, Ty) be topological spaces, and f : X — Y a map.
Then the following are equivalent.

a) f is continuous.

(a)

(b) For every A C X, we have f(A) C f(A).

(c) For every closed set C' of Y, the set f~1(C) is closed in X.
)

(d) For every x € X, and each V € T, with f(z) € V, there exists
U € T x such that f(U) C V.

Let (X,7Tx) and (Y, Ty) be topological spaces, and f : X — Y a
bijective map. If both f and f~! are continuous maps, then f is called
a homeomorphism. When a space X is homemorphic to a space Y, we
write X =~ Y.



(v) Examples of homeomorphisms.
(a) For n > 1, the stereographic projection
P, :R"\ {0} — ™!

is a homeomorphism.
(b) A vector space isomorphism 7" : R" — R"™ is a homeomorphism.
(vi) Let (X,7Tx) and (Y,Ty) be topological spaces, and f : X — Y a

map. Then f is said to be an open map if for every U € T x, we have

flU)eTy.

(vii) A bijective map f: X — Y is a homeomorphism if, and only if f is an
open and continuous map.

(viii) Let (X,7Tx) and (Y, Ty) be topological spaces, and f : X — Y an
injective continuous map. We say that f is a topological imbedding if

fr X ER f(X) is a homeomorphism. If f: X — Y is an imbedding,
we say X imbeds into Y and write X — Y.

(ix) Examples (and non-examples) of imbeddings.
(a) For n < m, the natural inclusion R” < R™ is an imbedding. More

generally, an injective linear map 7" : R®™ — R™ an imbedding.

(b) For n > 1, there is a natural embedding S™ < S™*! that maps S™
homeomorphically to the equator of S"*!.

(c) The map f :[0,1) = S*(C C) defined by f(s) = €™ is injective
and continuous, but f~! is not continuous. Hence, this is not an
imbedding.

(x) The composition of two continuous functions is continuous.
(xi) Let (X,7Tx) and (Y, Ty) be topological spaces, and f: X — Y a map.

(a) If f is continuous, then for every A C X the restriction f|4 : A —
Y is continuous.
(b) If f is continuous, then the map f’: X EN f(X) is continuous.

(c) If X = U,V,, where V,, € T, and f|y, is continuous for each «,
then f is continuous.
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(xii) (Pasting Lemma) Let (X, 7 x) and (Y, 7Ty) be topological spaces, and
let A, B are closed subsets of X such that X = AU B. Suppose that f :
A —Y and g: B — Y are continuous maps such that f|sng = g|ans-
Then f and g can be extended to a continuous map F' : X — Y with
F|A:fandF|B:g.

1.8 Product and box topologies for arbitrary products
(i) Let (Xa, T a)acs be an indexed family of topological spaces, and let

X:HXO,

a€ed

(a) The collection
r@boa: = {H Ua | Ua S Ta}

aeJ

forms a basis for a topology on X called the box topology.
(b) The collection § = Uyes Sy, where

So = {7?;1((]04) |Ua € Ta}

forms a subbasis for a topology on X called the product topology.
Consequently, the collection

B = {H Uy |Usy € Ty and U, = X, for all but finitely many o}
aceJ

forms a basis for the product topology on X.

(ii) The product topology is the preferred topology on an arbitrary product
of spaces X = H X, unless otherwise mentioned.
acl

(iii) On a finite product of topological spaces, the product and box topolo-
gies will coincide.

(iv) Let (X4, Ta)aecs be an indexed family of topological spaces, and let
X = H X,. Suppose that 4, is a basis for T,. Then

aed
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(a) The collection
@box - {H Ba | Ba S '@a}

acJ

forms a basis for a the box topology on X.
(b) The collection

B = {H B, | B, € A, for finitely many indices and B, = X, otherwise}

acd

forms a basis for the product topology on X.

(v) An arbitrary product of Hausdorff topological spaces is Hausdorff in
both the product and box topologies.

(vi) Let {X,}acs be an indexed family of topological spaces, and let A, C

X,. Then
T4 =1]] A«

acJ acJ

(vii) Let X =[], Xa be given the product topology, where {X,}qcs is an
indexed family of topological spaces, and let Y be any topological space.
Then a map f: Y — X is continuous if, and only if each f, = m, o f
is continuous.

(viii) Assertion (vii) above does not hold if X is given the box topology. As
a counterexample, consider R*, the product of countably many copies
of R, with the box topology, and the map

fR=R™®:t— (tt,...),VteR.

Clearly for each i, f; = m; o f = ig, and hence f; is continuous. But
f is not continuous, as the inverse (under f) of the basic open set
[T2,(=%, 1) is not open in R.

R

1.9 Metric topology

(i) A metric on aset X is a function d : X x X — R satisfying the following
properties:

(a) d(z,x) >0, for all z,y,€ X, and d(z,y) =0 < = =y.
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(b) (Symmetry) d(x,y) = d(y,x), for all x,y € X.
(c) (Triangle inequality) d(z, z) < d(x,y) + d(y, 2), for all z,y,z € X.

If d defines a metric on a set X, then the pair (X, d) is called a metric
space.

(ii) Let (X, d) be a metric space. For some r > 0, the set
Ba(x,r) ={y € X|d(z,y) <r}
is called open ball centered at x and radius 7.
(iii) Let (X, d) be a metric space. Then the collection
PByq={Bg(z,r)|z € X and r € (0,00)}

forms a basis for a topology 74 on X called the metric topology induced
by d (or the topology induced by the metric d).

(iv) A topological space (X,7T) is said to be metrizable if there exists a
metric d on X such that 7 = T.

(v) Example of metrics.

(a) On any set X, for a fixed r > 0, the function b, : X x X — R

defined by
r, ifx #y, and
by(z,y) = : ’
0, ifx=y.

defines a metric on X called the bounded metric. Note that for
any r € X,
X if k> d
By, (2, k) = , 1 > r, an
{z}, ifk<r
Consequently, T, = P(X).

(b) The standard euclidean metric d on R™ is defined by

n 1/2
d(z,y) = [z —yl2 = (Z(-Tz - yi)2> )

i=1
for any two vectors x,y € R" with components x; and y;, respec-

tively.
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(vi)

(vii)

(viii)

(¢) The square metric p on R" is defined by

p(,y) = llz = ylloo = max |z; — yil,

1<i<n

for any two vectors x,y € R™ with components x; and y;, respec-
tively.

(d) For any metric space (X, d), and some r > 0, themap d, : X x X —
R defined by

d,(z,y) = min(d(z,y),r)

also defines a metric on X such that 74 =T .

Let d and d' be two metrics defined on X. Then 7, C T if, and
only if for each x € X and each r > 0, there exists 7/ > 0 such that
Bd’(xv,r,) - Bd(xa 7’)-

The square metric and the standard euclidean metric both induce the
standard (product) topology on R™.

Given an index set J, and points x = (z,) and y = (y,) in R’, the map
p(x,y) = sup{di(za, Ya) = min(|zs — yal, 1) o € J}
defines a metric on R” called the uniform metric.

The uniform metric is finer than the product topology on R’, but
coarser than the box topology on R7. These topologies are different
when J is infinite.

For any two points x = (z;) and y = (y;) in R*, the function

D(z,y) :sup{M\iEN}

defines a metric on R*> that induces the product topology on R*.

(Sequence Lemma) Let X be a topological space, and let A CX. If
() be a sequence of points in A such that x, — x, then z € A. The
converse holds if X is metrizable.
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(xii) Let X and Y be topological spaces, and let f : X — Y be a map.
If f is continuous, then for every sequence (x,) of points in X such
that x,, — x, we have that f(z,) — f(z). The converse holds if X is
metrizable.

(xiii) Let X be a topological space, and let f, g : X — R be continuous maps.
Then f+g¢, fg, and f/g (defined on all points such that g(x) # 0) are
continuous maps.

(xiv) Let f, : X — Y be a sequence of functions from a set X to a metric
space (Y, d). Then (f,) converges to f: X — Y uniformly if given € > 0,
there exists N € Nsuch that for all x € X, d(f,.(z), f(z)) < €, whenever
n > N.

(xv) (Uniform limit theorem) Let f, : X — Y be a sequence of functions
from a topological space X to a metric space (Y, d). If f,, — f uniformly,
then f is continuous.

(xvi) R*> with the box topology is not metrizable. Consider its subset
A= {(ZEl,ZEQ, .. ) |ZL’Z > O,VZ S N}

Note that 0 € A, but there is no sequence of points in A coverging to 0.
Hence, R* violates the sequence lemma, which makes it non-metrizable.

1.10 Quotient topology
(i) Let (X,7x) and (Y, 7Ty) be topological spaces, and p : X — Y be a

surjective map. Then p is said to be a quotient map provided that

UeTy < p_l(U>€Tx.

(ii) Let (X,7Tx) and (Y, Ty) be topological spaces, and p : X — Y be
a surjective map. Then a subset C' C X is said to be saturated with
respect to p, if C = p~Y(D), for some D C Y.

(iii) Let (X,7x) and (Y,7Ty) be topological spaces, and p : X — Y be
a surjective map. Then p is a quotient map, if and only if, it maps
saturated open sets in X to open sets in Y.
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(iv) Any sujective, continuous map p : X — Y that is either an open or a
closed map is a quotient map.

(v) Examples of quotient maps.

(a)
(b)

A homeomorphism h : X — Y is a quotient map.

Let X;, for 1 <@ < n, be topological spaces. Then the projection
map

T - ﬁXJ — X;
j=1

is a surjective, continuous, and open map, and hence a quotient
map.

In general, a projection map is not a closed map, for example,
m : R? — R is not a closed map. To see this, consider the set
A = {(z,y) € R* xy = 1}, which is closed in R? (by Problem 3,
Homework 2), but f(A) = (c0,0) U (0, 00), which is open in R

The map f:[0,1] U [2,3] — R defined by

fx) =

x, if x € [0,1], and
x—1, ifzel23].

is a surjective, continuous, and closed map. But f is not a open
map, as f([0,1]) = [0, 1], which is not open in R.

(vi) Let (X,7T) be a topological space, A a set, and p : X — A be a
surjective map. Then there is a unique topology 7 4 on A that makes
p a quotient map, which is defined by

UeTy < pU)eT.

The topology T 4 on A is called the quotient topology induced by p.

(vii) Let X be a topological space, and let ~ be an equivalence relation (or
equivalently, we can consider a partition) on X. Let X/ ~ denote the
set of all equivalence classes of X under ~, and consider the natural
surjective map

p: X = X/~ oz [z

Then the quotient topology on X/ ~ induced by p is called the quotient
space of X under ~, and we also denote this space by X/ ~.
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(viii) Examples of quotient spaces.

(a)

()

Let p: R — X = {a,b, c} be defined by

a, if x>0,
p(z) =<0b, ifx<0, and

c, ifx=0.
Then the quotient topology 7T x on X induced by p is
Tx = {(ba {a}a {b}a {a? b}7 X}

Consider the equivalence relation ~ on R defined by x ~y <=
x—y € Z. Note that under ~, each equivalence class is represented
by a real number [0, 1], but no pair of points, expect {0,1} are
related in [0,1]. Hence, the quotient space on R/ ~ induced by
p: R — R/ ~ is homeomorphic to [0,1]/0 ~ 1 ~ S*.

A natural extension of (a) is the equivalence relation ~ on R?
defined by

(a,b) ~ (c,d) <= (c—a,d—b) € Z>
Extending the argument in (a), we can see that
R?/ ~a St x St

Note that the equivalence classes under this relation are precisely
the orbits of the action of the group Z? on the group R? defined
by

(m,n) - (z,y) = (x+m,y +n).

Consequently, the quotient space R?/ ~ is often written as R?/Z2.

For n > 1, the equivalence relation ~ on the open unit n-ball
D" = B;(0,1) in R™ defined by

vy = ] =yl =1

collapses dD" = S"7! to a single point, and the quotient space
thus obtained ~ S™.
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(ix)

(xii)

Let p : X — Y be a quotient map, and let A C X be saturated with
respect to p; let ¢ = p|a.

(a) If A is either an open or a closed set, then ¢ is a quotient map.

(b) If p is either an open or a closed map, then ¢ is a quotient map.

Let p be a quotient map. Let Z be a space, and let g : X — Z be a
map that is constant on each fiber p~!({y}), for y € Y. Then g induces
amap f:Y — Z such that f op = ¢g. Moreover, f is a continuous if
and only if g is continuous, and f is a quotient map if and only if g is
a quotient map.

Let g : X — Z be a surjective continuous map. Consider the equiva-
lence relation ~ on X defined by

r~y = g(x) = g(y),
and let X* = X/ ~.

a en g induces a bijective continuous map f : — Z, which is
Th ind bijecti ti X* Z, which i
a homeomorphism if and only if g is a quotient map.

(b) If Z is Hausdorff, then so is X*.
Some counterexamples.

(a) Consider the subspaces

X =JI0,1) x {n}

and
Y ={(z,xz/n) |z €]0,1] and n € N}
of R%2. The map
g: X —>Z7Z: (x,n)— (z,z/n)

is surjective and continuous. Under the equivalence relation ~ on
X induced by g (as in assertion (xi) above), the quotient space
X* = X/ ~ is obtained by simply collapsing {0} x N C X to
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a point. Consequently, by Assertion (xi), ¢g induces a bijective
continuous map f : X* — Z. As the image of the closed set

A={(1/n,n)|n e N}

under f is not closed, f is not a homeomorphism.

(b) The product of two quotient maps need not be a quotient map.
Consider X = Rg and the quotient space on Y obtained from
X by collapsing the subset K to a point. Let p : Rx — Y be
the induced quotient map. Since (p X p)~'(Ay) (Ay denotes the
diagonal of Y') is not closed in R%, p x p is not a quotient map.

1.11 Connected and path connected spaces

(i) Let X be a topological space. A separation for X is a pair U,V of
disjoint open sets in X such that X =U U V.

(ii) A space X is said to be connected if there exists no separation for X.

(iii) A space X is connected if, and only if, the only subsets of X that are
both open and closed are X and 0.

(iv) A subspace Y of a topological space X is connected if, and only if, there
exists no pair of disjoint subsets A, B C Y such that

ANB=ANB =10.

(v) Let C, D form a separation for a space X, and Y C X is a connected
subset. Then either Y C Cor Y C D.

(vi) Let {Ya}aes be an arbitrary collection of connected subspaces of a topo-
logical space X such that ﬂ Y, # (). Then U Y, is connected.

acJ aeJ

(vii) Let A be a connected subspace of a topological space X. If A C B C A,
then B is connected. Equivalently, if a A C X is connected, then for
any subset S C A’, the set AU S is also connected. Consequently, if
A C X is connected, then A is also connected.

(viii) Examples of connected and disconnected spaces.
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(a) Any space X with the indiscrete topology {f), X'} is connected.

(b) Any space X with |X| > 2 with the discrete topology is not con-
nected.

(¢) An open interval (a,b) C R is connected, as separation for (a,b)
would contradict the fact that it is an open interval (why?). It
now follows from assertion (vii) and (viii) that all intervals and
open rays of R (i.e subsets of the form (—oo,b) and (a,00) are
also connected.

(d) The subspace [—1,0) U (0,1] C R is not connected.
(e) The subspace Q C R is not connected.

(ix) The continuous image of a connected space is connected.
(x) A finite cartesian product connected spaces is connected.
(xi) Examples in product spaces.

(a) The n-dimensional euclidean space R™ is connected.

(b) The space X = R* in the box topology is not connected. This is
because the subset A of bounded sequences in X and the subset
B = X\ A of unbounded sequences in X form a separation for X.

(c) The space X = R* in the product topology is connected. For
each n € N, consider the subset

Y, ={(z1,22,...) € X |2; =0, fori >n}
of X. Since Y,, ~ R", Y,, is connected. Furthermore, since
Uv.=Rrcx
n=1

and R® = X, it follows from assertion (viii) above that X is
connected.

(xii) (Intermediate value theorem) Let X be a connected space, and f : X —
R be a continuous map. If @ and b are distinct points in X, and r is a
point lying between f(a) and f(b), then there exists a ¢ € X such that

fle)=r.
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(xiii) Let X be a topological space. A path in X from a point x to a point y
is a continuous map f : [0,1] — R such that f(0) =z and f(1) = y.

(xiv) A space X is path connected if for every pair of distinct point z,y € X
there exists a path in X from zx to y.

(xv) A path-connected space is connected.

(xvi) The continuous image of a path connected space is path connected.

(xvii) Examples (or non-examples) of path-connected spaces.

(a)

The open unit ball B;(0,1) C R™ is path connected. This is be-
cause for an two distinct points (or vectors) z,y € By(0,1), the
continuous map

Fo00,1] = Ba(0,1) 1 t — (1 —t)z + ty

defines a straight line in By(0,1) (or a path) connecting = to y.
Since B4(0,1) ~ R™, R™ is also path-connected.

Let Y C R™ be a countable subset. Then R™\ Y is path-connected
(and hence connected).

For n > 1, the unit sphere S™ C R™! is path connected, and the
map
R™\ {0} = 8" : 2+ z/||z]|

1S continuous.

A connected topological spaces need not be path connected. Con-
sider the subset

S = {(x,sin(1/z)) |z € (0,1]} C R*.

Then the set S, called the topologist’s sine curve, is a connected
subspace of R? that is not path connected. This is because {(0,0)} x
[~1,1] € S, but (as discussed in class) there is no path in C' con-
necting the origin (0,0) € S to any point (x,y) € S(C S). The
connectedness of S follows from (viii) above, and the fact that S
is connected (being the continuous image of a connected space).
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(xviii)

(xix)

(xx)

(xxi)

(xxii)

(xxiii)

(xxiv)

Let X be a topological space. Consider the relation ~ on X defined by
x ~y <= o a connected subset C' 3 x,y.

Then ~ defines is an equivalence relation on X, and the equivalence
classes thus obtained are called the components of X.

Let X be a topological space. Consider the relation ~ on X defined by
r ~y <= dapathin X from x to y.

Then ~ defines is an equivalence relation on X, and the equivalence
classes thus obtained are called the path components of X.

The components (or path components) of X are connected (or path
connected) disjoint subspaces of X whose union equals X. Moreover,
each nonempty connected (or path connected) subspace of X lies in one
of them.

Examples of components in spaces.

(a) The connected (and path) components of Q C R are the singletons.
This is also true for the discrete topology on any space X with
| X]>2.

(b) The topologist’s sine curve S has a single connected component
(as it’s connected), but has exactly two path components, namely

S =SuU ({0} x [~1,1]), where {0} x [-1,1] = 5"\ S.

A space X is said to be locally connected (or locally path connected) if
for each z € X, and each neighborhood U of x, there exists a connected
(or path connected) neighborhood C' of x such that C' C U.

A locally path connected space is also locally connected. However, the
connectedness (or the path connectedness) of a space does not neces-
sarily imply its local connectedness (or local path connectedness), and
vice versa.

Examples of local connectedness (or local path connectedness).

(a) The subset [—1,0] U (0,1] C R is locally connected, but not con-
nected.
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(b) The topologist’s sine curve is connected, but not locally connected.
(c) The rationals are neither connected or locally connected.
(xxv) A space X is locally connected (or locally path connected) if, and only

if, for every open set U of X, each component (or path component) of
U is open in X.

(xxvi) Each path component of a topological space X is a subset of a com-
ponent of X. Moreover, if X is locally path connected, then its path
components and connected components coincide.

1.12 Compactness

(i) An open cover for a topological space is X is a collection of sets {V, }acs

in X such that
X = U V..
acJ

An open cover for a subspace A C X is a collection {Us} e of open
sets in X such that
Ac | Us

BeJ’

(ii) A finite subcover of an open cover V = {V,, },es for a topological space
X is a subcollection {V,,,...,V,, } CV that covers X.

(iii) A space X is said to be compact if every open cover for X has a finite
subcover.

(iv) Examples of compact (and noncompact) spaces.

(a) Finite topological spaces are compact.

(b) For n > 1, the space X = R" is not compact. This is because the
collection of open balls {B,4(0,7) |7 € N} is an open cover for X
that has no finite subcover.

(¢) The subset A = {1},en U {0} C R is a compact subspace. This
is because 0 is a limit point of the sequence (1/n), and so every
neighborhood of 0 contains all but finitely terms of the sequence.

(v) A continuous image of a compact space is compact.
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(vi)
(vii)

(viii)

(ix)

(xii)

(xiii)

A closed subspace of a compact space is compact.
A compact subspace of a Hausdorff space is closed.

Let X be a compact space, and Y be a Hausdorff space. Then a bijective
continuous map f : X — Y is a homeomorphism.

(Tube Lemma) Let X x Y be the product of a topological space X with
a compact topological space Y. If N is a neighbourhood that contains
the slice {x} x Y, for some x € X, then there exists a neighborhood U
of x in X such that N contains the tube U x Y about {z} x Y.

A collection C of subsets of X is said to possess the finite intersection
property if every finite subcollection {C,...,C,} C C satisfies

ﬁq¢0
=1

A space X is compact if, and only if, for every collection C of closed
subsets of X satisfying the finite intersection property, we have

() C#0.

ceC

Let X be a set. Then there exists a collection & of subsets of X that
is maximal with respect to the finite intersection property.

Let X be a set, and let & be a collection of subsets of X that is maximal
with respect to the finite intersection property. Then:

(a) Z is closed under finite intersections, and

(b) if a subset A of X intersects every elements D € &, then A € 9.

(Tychonoff theorem) An arbitrary product of compact spaces is com-
pact.

Every closed interval in R is compact. Consequently, closed cubes
[T-,[ai, b;] and closed balls By(z,r) are compact subsets of R™.

i=1

A subset A of R™ is compact if, and only if it is closed and bounded
under the standard euclidean metric d.

24



(xvii)

(xviii)

(xix)

(xxii)

(xxiii)

(xxiv)

(xxv)

(xxvi)

(Extreme value theorem) Let X be a compact space. If f: X — R is
a continuous map, then there exists points ¢, d € X such that

fle) < f(x) < f(d),
for all z € X.

(Lebesque number lemma) Let V be an open cover of a compact metric
space (X, d). Then there exists § > 0 such that for every subset A C X
with diam(A) < 9§, there exists V' € V such that A C V.

(Uniform continuity theorem) Let (X, dx) and (Y, dy) be metric spaces,
and f : X — Y be continuous. If X is compact, then f is uniformly
continuous.

A point z of a topological space X is said to be isolated if {z} is an
open set of X.

Let X be a nonempty compact Hausdorff space. If X has no isolated
points, then X is uncountable. Consequently, every closed interval in
R is uncountable, and so R is uncountable.

A space X is said to be limit point compact if every infinite subset of
X has a limit point.

A compact space is limit point compact, but the converse does not hold
true.

Example: Give a space Y the indiscrete topology. The space X = NxY
is limit point compact, as every subset of X has a limit point. But X is
not compact, as {{n} x Y },en is open cover for X, which has no finite
subcover.

A space X is said to be sequentially compact if every sequence in X has
a convergent subsequence.

Let X be a metrizable space. Then the following statements are equiv-
alent.

(a) X is compact.
(b) X is limit point compact.
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(c) X is sequentially compact.

(xxvii) A space X is said to be locally compact if every point z € X has a
neighborhood U such that U is compact.

(xxviii) Examples of locally compact spaces.

(a) The space R™ is locally compact.

(b) The space X = R in the product topology is not locally compact.
This is because the closure of every basic open set of X is of the
form [];2, C;, where

C. — [@i,bi], fori:nl,...nk,
' R, otherwise.

(xxix) An open or a closed subset of a locally compact Hausdorff space is
locally compact.

(xxx) A space Y is said to be the one point compactification of a space X if

(a) Y is a compact Hausdorff space,
(b) X CY with |V \ X| =1, and
(c) Y = X.

(xxxi) A space X is a locally compact Hausdorff if, and only if X has a one
point compactification Y.

(xxxii) Example: For n > 1, the one-point compactification of R" is S™.

1.13 Countability axioms

(i) A topological space X is said to have a countable local basis at a point
x € X, if there exists a collection {U, },ez+ of neighborhoods of x such
that any other neighborhood contains at least one of the neighborhoods
U,.

(ii) A topological space X is said to be first countable if it has a countable
local basis at each point x € X.
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(iii) Example: Any metric space (X,d) is first countable, as every point
z € X has a countable local basis given by {Bqa(x, =) }rez+-

(iv) (Sequence Lemma) Let X be a topological space, and let A C X. If
() be a sequence of points in A such that x, — x, then z € A. The
converse holds if X is first countable.

(v) Let X and Y be topological spaces, and let f : X — Y be a map. If
f is continuous, then for every sequence (z,) of points in X such that
x, — x, we have that f(z,) — f(z). The converse holds if X is first
countable.

(vi) A topological space X is said to be second countable if it has a countable
basis.

(vii) A second countable space is also first countable.
(viii) Examples of first and second countable spaces.

(a) The space X = R" is second countable, as the countable collection
of open cubes

n

B = {H(ai, b;)|a;,b; € Q and a; < b;}

i=1
forms a basis for X.

(b) The space X = R> is second countable, as the collection
B = {H U;}, where
i=1

U — (a;, b;), with a;,b; € Q, for finitely many i, and
e R, otherwise,
forms a countable basis for X.

(¢) The space X = R* with the uniform topology satisfies is first
countable, as it is metrizable. However, X is not second countable.
This is because the second countability of X would imply that any
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discrete subspace A of X is countable. But this is clearly untrue,
as

A= ﬁ{o, 1

is an uncountable discrete subspace of X.

(d) The space X = Ry is first countable, as the collection
1
By ={[r,v+ —)|n e N}
n

for a copuntable local basis at each point z € X. But X is not
second countable for the following reason. Suppose we assume
on the contrary that X has a countable basis . Then for each
xr € X, there exists B, € £ such that x € B, € [z, + 1). But
this would imply that # is uncountable, which contradicts our
hypothesis.

(ix) Subspaces and countable products of first (or second countable) spaces
is first (or second countable).

(x) A space X is said to be separable if it has countable dense subset.
(xi) Example: R™ is separable, as it has a countable and dense subset Q™.

(xii) A space X is said to be Lindeldf if every open cover for X has a
countable subcover.

(xiii) A second countable space is both separable and Lindel6f.

(xiv) A product of Lindel6f spaces need not be Lindelof. For example, Ry is
Lindelof, but Y = R? is not, for consider the subset

L=A{(x,—z)|,x € R;}.
Since L is closed in Ry, the collection
{Y\L}U{la,b) x [~a,d)|a,b,c,d € R¢}

forms an open cover for Y. If Y has countable subsover, then R, should
be countable, which is impossible.
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1.14 Separation axioms

(i) Let (X,T) be a topological space, and {A, B} be a pair of disjoint sets
in X. The {A, B} can be separated by open sets if there exists open
sets U,V € T with UNV = () such that A C U and B C V.

(ii) Let X be a T} space. Then:

(a) X is said to be regular if each pair of subsets of X of the form
{{z}, B}, where B is closed and = € B\ X, can separated by open
sets.

(b) X is said to be normal if each pair of subsets of X of the form
{A, B}, where A and B are disjoint closed sets, can separated by
open sets.

(iii) Let X be a T} space. Then:

(a) X is regular if, and only if, for each point z € X and each neigh-
borhood U > =z, there exists a neighborhood V' > x such that
VcUuU.

(b) X is normal if, and only if, for each closed subset A of X and each
neighborhood U D A, there exists a neighborhood V' O A such
that V C U.

(iv) Subspaces and products of Hausdorff (or regular) spaces are Hausdorff
(or regular).

(v) Examples.

(a) The space X = Rk is a Hausdorff space, as it is finer than R.
However, X is not regular, since the pair of subsets {{0}, K'} can
never be separated by open sets.

(b) The space X = Ry is Hausdorff (and hence T}), as it’s finer than R.
Furthermore, X is normal, for consider any pair { A, B} of disjoint
closed subsets of X. Then for each a € A, there exists a basic
open set [a,z,) C X \ B, and for each b € B, there exists a basic
open set [a,z) C X \ A. Then the open sets

U= U[a,xa) and V = U[b,azb)

acA beB
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separate {A, B}.
(vi) A regular second countable space is normal.

)
(vii) A metrizable space is normal.
(viii) A compact Hausdorff space is normal.
)

(ix) An arbitrary product of normal spaces is not necessarily normal. For
example, R is normal, but R’ is not normal in the product topology.

(x) (Tietze Extension Theorem) Let X be a normal space, and A be a
closed subset of X. Then:

(a) Any continuous map A — [a,b] C R can be extended to a contin-
uous map X — [a,b].

(b) Any continuous map A — R can be extended to a continuous map
X —R.

(xi) (Urysohn Lemma) Let X be a normal space, and A, B be disjoint closed
subsets of X. Then there exists a continuous map

f:X —[a,b]CR
such that f(A) = {a} and f(B) = {b}.

(xii) Every regular space second countable space can be imbedded in the
space R* with the product topology.

(xiii) (Urysohn Metrization Theorem) Every regular second countable space
is metrizable.

1.15 Imbeddings of manifolds

(i) An m-manifold is a Hausdorff second countable space X in which each
x € X has a neighborhood U, > z such that U, ~ R™.

(ii) Examples of manifolds.
(a) A 1-manifold is called a curve. Examples of 1-manifolds are R, S*

etc.
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(b) A 2-manifold is also called a surface. The 2-sphere S? and the
torus S' x S! are orientable (two-sided) 2-manifolds, while the
Mébius band and the Klein bottle are non-orientable (one-sided)
2-manifolds.

(c) Examples of 3-manifolds are S3, S? x S, D? x St S! x S x St
etc.

(iii) Let X be a topological space. The support of a function ¢ : X — R
(denoted by Supp(¢)) is defined by

Supp(¢) = ¢~1(R\ {0}).

(iv) Let {Uy,...,U,} be afinite open covering for a space X. The an indexed
family of continuous functions

¢;: X = [0,1], for 1 <i <mn,
is said to be the partition of unity dominated by {U;}7—, if:
(a) Supp(¢;) C U;, for 1 <i <mn, and
(b) i@(x) =1, for each z € X.
i=1

(v) (Existence of partitions of unity). Let {U;}!, be a finite open covering
for a normal space X. Then there exists a partition of unity dominated

by {Ui}?:l'

(vi) Let X be a compact m-manifold. Then X can be imbedded in R, for
some suitably large positive integer n.
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